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One often hears the remark: Bour’s atomic theory is at variance 
with classical electrodynamics in assuming that an electron which 
is moving according to quantum-conditions does not radiate energy 
in the form of electromagnetic waves. The assertion formulated in 
this way does not seem to me to state correctly where the opposi- 
tion between Bour’s assumption and classical electrodynamics lies. 
In the sequel I shall try to substantiate this view. We shall begin 
by looking at the problem from a general point of view. 

If an otherwise empty space contains electric charges whose 
motions are completely fixed, the electro-magnetic field is not singly 
determined by means of the Maxwsti-Lorenrz field-equations. In 
order to obtain a perfectly definite condition certain boundary-condi- 
tions must be fixed and it is to these that we shall give our atten- 
tion. Whatever the field may be, it may be represented by the 
electro-dynamic potentials viz. the vector-potential 2% and the scalar 
potential y, which may also be combined in a four-dimensional 
vector-potential with the following components : 


z= Us , Gy=U , Ge , Gp...) I 
The potentials determine the field-vectors €, 3 completely by means 
of the equations *) 
8 = rot I, | 
1 au jodie fe 2) 
€ = — grad g — — (c= velocity of light) \ 
c 
On the other hand the potentials I, ¢ are not completely determ- 


ined by the field. For this reason we may submit them to the condition 
1 dp 

div A+ — — = 0 

eae c Ot 








1) Comp. for instance M. AbRAnAM, Theorie der Elektrizitat !1, 2t¢ Aufl., p. 36. 
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and we then obtain for the various potential-components (using 
rational units) the following differential equation 

Vp gz. Og, 1 gy 
dx? Oy? dz? ¢?_ Ov? 


(a= 2, y, z, t). 











=—On . . . « (3) 


In this equations o;, 6,, 6, are the components of the electric 
current, o; is the density of the electricity. The motion of the charges 
being given, 6,, 0,, Oz, 6, are known functions of 2, y, z, t. The 
general solution of the differential equations (8) may then be put in 
the following form: 

Let «,, y,, 2, be the coordinates of a point for which g, is to be 
found. The distance of this point to a point (a, y, z) may be called 
r, so that 


r= (e—a,)* + (y—y,)* + (ea) ee 


The sign of r is not fixed by this relation, but we may leave it 
undetermined in the mean time. 
A unit vector with components 
BL, YY, 2-2 


ene ee ee eT ae ere (3) 


r r r 





will be represented by r. The direction of © is evidently dependent 
upon the choice of the sign of ». Let F be an arbitrary closed sur- 
face which encloses the point «,, y,, 2,. A surface-element of F, 
considered as a vector directed outwards, will be denoted by d%&. 
Using these symbols we may write the general integral of the diffe- 
rential equation (3) in the form '): . 


* 





1 Ox 1 ‘Om, 
| Pol@ gsYq-%ost) = E — faves d& | —grad pyle us + ¢. be 7 (6) 
4a ro. r cr Ot or? 


c 


The surface-integral has to be extended over the closed surface 
F, the space-integral over the enclosed space V containing the 


r 
point #,, y, 2. The index ¢—-—- is meant to indicate, that at the 
c 


= refer to the time 





= ) 
right-hand side the quantities o., 7., grad ¢., - 


r 
t— —, which varies from point to point. The double sign on the right-hand 
¢ 








'\) A proof of equation (6) may be found in Finska Vetenskapssocietetens 
Férhandl. L. |. 1908—09, Afd. A. n°. 6. If the sign of 7 is not fixed beforehand, 
it is easily found that the right-hand side has the double sign. 


147 


side is required as long as the sign of 7 has not been settled, but 
may be chosen at will; the + sign holds for positive, the —- sign for 
. . ‘ : . . ? ' . 
negative 7. If the sign is taken positive, the moment ¢— — is earlier 
c 


than ¢ and yg, must then be taken as a delayed potential. If the 

. . . r * ; . 

negative sign is chosen, the moment ¢— —is later than ¢ and . is 
Cc 


to be considered as an advanced potential. 

Every function pale, 4,2, 0, therefore, which satisjies the differential 
equation (3), may be considered either as a delayed or as an advanced 
potentuil, if only the contribution to the potential which is due to 
the boundary surface F (which may also be moved to infinity) is 
taken into account. 

It follows that every electro-magnetic field, i.e. every field for 
which the Maxweri-Lorenrz equations bold, may be calculated for 


a moment ¢ either from the condition at the time ¢— o or from 
C 


r Hoot 
that at the time ¢-+ ee if only the contribution by the boundary 
g 


surface is taken into account. This contribution is uecessarily diffe- 
rent in the two cases. 

[f the surface F#' is made to move to infinity and if at the same 
time the condition is laid down, that at the boundary the surface- 
integral has the value zero, if the potential is considered as a delaved 
potential, the ordinary solution is obtained of the problem to caleu- 
late the field from the charges. But this solution is only one parti- 
cular one: there are an infinite number of others. 

The author may be excused for having discussed this question 
at some length: it seemed to him that it is not always sufficiently 
kept in, view. 

We shall now prove, that every periodical motion of electricity 
allows the assumption of a field such that no energy is radiated. 
The separate points of the electric charges will be identitied by 
means of 3 parameters &, 7,6. Every set of values §, 7, $, therefore, 
denotes a definite point in the electricity sharing the motion of the 
latter. The motion is completely described by the equations 


az @ (8,4, 6,4), | 
y= y (§, 7, , 4), 
eae (6. 7, $8), 


that is to say, for given values of S$, 7,5 the coordinates z, 7,2 are 


(7) 
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funetions of the time. Let us consider the motion represented by 
equations (7) as being completely given. This motion we shall call 
motion 1. We therefore assume, that x, y,2 are known funetions of 
G,74,5,¢ for all values of ¢ from — o to-+ o. We then calculate 
the electro-magnetic field by means of delayed potentials and choose 
the boundary conditions in such a manner, that the surface-integral 
in (6) becomes zero for each potential-component gy,, when the 
surface J moves to infinity. The field is then singly determined by 
the motion of the electricity. We shall call the field obtained field 1. 
In this case we obviously have a radiation of energy. 

We shall further consider a different motion of the electricity, 
motion 2, which is obtained from motion 1 by reversing the sign of ¢. 


eu (S, 7,5, — ¢), 


y = y (8, 2, 5, — 0), motion 2. 
z2=2(&, 7,5 — 4, 

In this system all paths are evidently deseribed in a direction 
Opposite to that of motion 1. For motion 2 we again calculate the 
electro-magnetic field by means of delayed potentials and with the 
same boundary-conditions as before. We shall again obtain a field 
with energy-radiation, which we shall call field 2. 

If the motion 1 is periodical, this will also be the case for motion 
2 and the radiation during one period is equal for field 1 and 
field 2. We now pass from field 2 to a new field 3, by reversing 
the sign of ¢ and at the same time the components of the magnetic 
field Bz, B,,B-. It is easily shown, that with this change of sign 
the Maxweti-Lorentz field-equations remain valid. As ¢ changes sign, 
the motion of the electricity is reversed. The motion of the electricity 
is therefore precisely the same in field 3 as in field 1. Owing to the 
reversal of the sign of B,, B,, B:, (Ex, ©,, retaining the same sign) 
the direction of the energy-stream is reversed, so that in field 3 we 
have a radiation of energy mrvards. For a periodical motion of the 
electric charges the amount of energy drawn in during a period is 
the same as the radiation outwards in fields 1 and 2. 

{t is further easily found that field 3 may be calculated from 
advanced potentials, with a zero-contribution of infinity. If on the 
other hand the potentials are taken as delayed, the contribution of 
infinity is not equal to zero. 

We now superpose field 1 and 3, which is possible since the 
field-equations are linear. In the two fields taken separately the 
electricity has the same motion, which therefore remains the same 
in the combined field. The density of the electricity on the other 
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hand is everywhere doubled by the superposition. In order to reduce 
this to the former value we diminish the strength of the field in 
the combination to half its value. The density of the electricity is 
thereby diminished in the same ratio, and in the new field 4 we 
thus obtain precisely the same distribution and motion of the elec- 
tricity as in field 1. The motion being periodical the energy-stream 
in field 4 evidently gives a total radiation zero during a full period. 
We have obtained a kind of stationary electro-magnetic waves. 

Since the motion of the electricity in field 4 is identical with the 
motion from which we started, it has been proved that every perio- 
dical motwon of electric charges allows the assumption of an electro- 
magnetic field rithout radiation of energy. Withont further enquiry 
it is clear, that this proposition also holds, if the motion of the 
charges is not exactly periodical, but consists in, say, a planetary 
motion with a movement of the perihelion. 

The question remains, whether Bour’s theory can draw any benefit 
from the result arrived at, but it seems that such is not the case. 
If the electrons in an atom were going round in the same orbits 
for all eternity, there would be nothing to prevent us assuming an 
electro-magnetic field such as field 4. But the sudden transitions 
from one allowable orbit to another cause difficulties. A simple 
calculation shows that in field 4 the energy-density for large distances 
? 1s proportional to = the energy of the whole field, therefore, 
becoming infinife. In cousequence of this the change of energy 
associated with the transition of an electron has quite a different 
value to what Bosr has to assume, and it does not seem to me 
possible to make the two values ‘agree. The above discussion, there- 
fore, hardly seems to have a direct bearing on Bonr’s theory, but 
it does seem to me to be of some use for obtaining a broader 
insight into the question as to where the difficulties of Bour’s theory 
actually lie. The result to which in my opinion it leads in this 
case was stated in the beginning of this note and | should like to 
formulate it in this way: the usual statement that it is inexplicable 
why an electron moving in accordance with the quantum-conditions 
should not radiate energy, seems to me to be based on an assump- 
tion which is not sufficiently general. A more general conception 
of the problem although unable to solve the difficulty, seems to me 
to put it in a different Jight. 


Leiden, April 18, 1919. 


